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Abstract 

Although logarithmic conformal field theories (LCFTs) are known not to 
factorise many previous findings have only been formulated on their chiral 
halves. Making only mild and rather general assumptions on the structure of 
an chiral LCFT we deduce statements about its local non-chiral equivalent. 
Two methods are presented how to construct local representations as sub- 
representations of the tensor product of chiral and anti-chiral Jordan cells. 
Furthermore we explore the assembly of generic non-chiral correlation func- 
tions from generic chiral and anti-chiral correlators. The constraint of locality 
is studied and the generality of our method is discussed. 
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1 Introduction 



Since the spadework of Gurarie [T], an enormous amount of work was done to 
evolve logarithmic conformal field theories (LCFTs). Their applications to other 
fields in physics, for example to the theory of percolation and critical disordered 
systems have been explored. Many structural aspects have been studied in detail. 
In particular the powerfull techniques from non-logarithmic CFT have been ported 
to LCFT. The decoupling of the conformal symmetry algebra in two independent 
sectors of opposite chirality gives reason to a especially elegant and beneficial 
technique known from the non-logarithmic case: Many statements about CFTs 
can be derived considering only one sector, either the chiral or the anti-chiral. 
This means that objects are considered which transform effectively in a left- or 
right-handed representation. In case of such a constriction on "half" objects it is 
common to speak about chiral theories. Results of one sector can be transferred 
to the other one by mirroring the chirality. Subsequently both halves have to be 
glued together to form the full, non-chiral theory. 

Among the findings which were up to now stated for chiral LCFTs only, the 
following topics are of central interest: Correlation functions are calculated for 
instance in [21 [3l HJ El El El EJ [U [ini IH] , fusion rules are investigated, among others, 
in [12l [131 [in [13 [E] and some studies on null vectors can be found in [171 [H] • 
Enlarging their scope to non-chiral theories and implementing the constraints of 
locality is a task of elementary importance, as only local theories have physical 
interpretation. Unfortunately, the construction of local theories turned out to be 
non-trivial: Unlike conventional, non-logarithmic CFTs, LCFTs were found to be 
non-factorisable. Insofar speaking about chiral halves in the context of LCFTs 
might be delusive. As we will see, assembling a local theory out of a chiral LCFT 
and its anti-chiral counterpart is evocative of screwing them into each other rather 
than of combining two halves. Anyhow, we will stick with the familiar naming 
convention and refer in abuse of language to the chiral theories as chiral halves. 

So far, only few attempts have been made to close the gap between the well- 
known chiral and the almost unknown non-chiral LCFTs. Gaberdiel and Kausch 
succeeded in constructing a non-chiral local theory at c = —2 by solving the con- 
formal bootstrap [19]. This construction was interpreted in terms of symplectic 
fermions [20] and enabled a detailed comparison of the two-dimensional Abelian 
sandpile model with the local triplet theory at c = —2 [21]. The logarithmic triplet 
theory with boundary was studied in [2^ for ci^2 = —2 and the generalisation to 
rational ci^p models was achieved in [23]. Stating remarkable structural similarities 
between the local triplet theory and supergroup WZNW models, Schomerus et al. 
suggested that consulting the better understood local WZNW models might pro- 
mote the construction of generic local LCFTs. Local logarithmic bulk correlation 
functions for the GL(1|1) WZNW model have been computed in [22, non-chiral 
indecomposable representations on which the zero-mode of the energy-momentum 
tensor is not digonalizable were investigated by means of the WZNW model on 
the supergroup PSU{1,1\2) [22]. A rather general discussion on conclusions for 
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local LCFTs from the supergroup WZNW point of view can be found in |26| . 

In this paper, we will choose an approach which rests solely upon the analysis of 
the conformal symmetry and aims for a high degree of generality. Beside some 
rather general assumptions on the structure of an chiral LCFT the deduced state- 
ments about its local non-chiral equivalent can be called generic. 

The paper is organized as follows: In section 2 we fix the naming convention. 
Section [3] presents two methods how to construct the space of states of a local 
LCFT. Both methods predict a non-chiral local theory to possess the same rank 
as the halves it is composed of. In other respects the results of both methods turn 
out to be mutually excluding. The consideration of a specific model suggests one of 
the proposed methods to be more intuitive. From section S] we turn our attention 
to LCFT correlation functions. After a brief recapitulation about generic chiral 
correlation functions, we explore the possibility to compose generic non-chiral 
correlators out of generic chiral ones. Beside the constraint of locality, invariance 
under the global conformal group, duality and monodromy invariance have to be 
implemented. We propose a construction method, discuss the generality of our 
solution and check its consistency with previous findings. More details on this 
work can be found in |27j . 

2 Definitions and Preliminaries 

Logarithmic conformal field theories feature indecomposable but reducible repre- 
sentations of the chiral symmetry algebra. In this paper we will consider only the 
case where such indecomposable representations occur with respect to the Vira- 
soro zero modes. Through appropriate choice of the basis, the generators Lq and 
Lq can be transformed into Jordan normal form. A rank r Jordan cell is spanned 
by r fields {^'(/j . . . , ^'(/j j^), ^'(•^ q)}. The action of the zero mode Lq of the 
Virasoro algebra is then given by 

io^(^fc)(0)|0) = h ^(/,,fc)(0)|0) + (1 - ^m)^{M-i)(0)!0), 

where h is the conformal weight and |0) as usual denotes the SL{2,C) invariant 
vacuum. The parameter k grades the fields within the Jordan cell and will be re- 
ferred to as Jordan level. In the scope of this paper, only reducible representations 
are regarded whose irreducible subrepresentations ^'(/i. o)(-Zj) accord to proper pri- 
maries, i. e. to fields whose OPE among each other does never produce logarithmic 
fields on the right hand side. Furthermore, we assume the logarithmic partner 
fields of the proper primary to be quasi-primary, i.e. L„,'I'(/i, = Vn > 1. Of 
course, our assumptions limit the generality with which our results are valid. This 
is particularly true for our assumption on the quasi-primarity of the logarithmic 
partner fields. We will discuss these limitations and how they may be overcome 
in the conclusions. Thus, our paper should be understood as a first step towards 
a full treatment of the question of local logarithmic conformal field theories. 
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If an LCFT accomodates more than one indecomposable representation one can 
consider every Jordan cell to be of rank r(/i) = r, with r being the rank of the 
largest Jordan cell. Hypothetically emerging smaller Jordan cells can be padded 
with fields that are to be set zero afterwards. 

The following decomposition of the non-diagonal action of the Virasoro modes on 
LCFT n-point correlators will turn out to be advantageous: 



0, + ^z!iq+l)6,^ 



i=l 



(2.1) 



where Oq abbreviates the diagonal part of the action as known from ordinary 
non-logarithmic CFT 



Oq{...) = Y,^!h9^ + {q + l)hi]{...) 



The off-diagonal, nilpotent part is generated by operators 5h.. They act on a 
logarithmic field by reducing its Jordan level by one, on a primary by annihilating 
the field: 

^h,^{hi,fc,)(zi) = - (Jo,fcJ*{hi,fc,_i)(^»)- 



Below we will augment the introduced glossary with entities marked with a bar. 
These can be obtained from those without a bar by complex conjugation of all 
variables z and providing all parameters h, k and g with a superscript line. For 
h, k and g this line is not related to complex conjugation, but only indicates that 
parameters of the anti-chiral theory are denoted. 

To distiguish quantities of a full local theory from those living on its right- or 
lefthanded half we will apply the pair of concepts "non-chiral" - "chiral" . If used 
in this sense the latter shall cover anti-chiral quantities, too. 



2.1 Locality constraints 

The fundamental postulation on a non-chiral theory is locality of the fields or, in 
terms of correlation functions, singlevaluedness of the amplitudes. In [TH] it was 
shown that this imposes the following constraints: 

hi-hieZ, A S'i^i = 0, (2.2) 

where abbreviates ^'(/i.^/i^^k.) and Si shortens 6h^ — Sj^.. Here we introduced kj 
anticipatorily as non-chiral Jordan level. As the notion Jordan level rests upon 
the Jordan block structure of the zero modes of the chiral symmetry algebra, we 
need a redefinition in terms of non-chiral representations, which will be given in 
section [3l 
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3 Non-chiral local representations 



Non-chiral irreducible representations can be obtained as diagonal tensor product 
of irreducible chiral representations [28] . This course of action fails in case of non- 
chiral indecomposable representations. A chiral indecomposable representation TZf^ 
of Jordan rank r + 1 is generated by states \h, ki), ki running from r to null. The 
various tensor products included in TZh (g TZji can be endowed with a gradation: 
Starting with the tensor product of those states with highest Jordan level, all 
other possible tensor products can be obtained by repeated application of 6h and 
6jj^. The resulting structure is summarised in figure 1: 

level 



r (g) r r 

(r— l)(g)r r (g) (r— 1) r — 1 

(r-2) gi r (r-1) ® (r-1) r g) (r-2) r - 2 

0(g) r 1 (g (f^) • ■ ■ (r-1) (g T r (g 

^^'(f^T)^ ••• "^-1)^0^ -1 



Figure 1: Gradation ofTZh g) Tl^ 

Here the following abbreviations were introduced: An element of the product space 
TZh <g TZj^ is uniquely denoted by its chiral and anti-chiral Jordan level 

k®k' := k) (g \h, k'). 

Let y indicate that the state the arrow points at is an image of the state the arrow 
starts at under the action of 6h- The symbol \ does the same for the action of 
5y^. Level n = r — m is subsequently assigned to states that are obtained from 
r(gf by m-fold descending, i. e. by m-fold application of delta operators. Starting 
with one state on level r, the number of states with level n increases gradually 
with decreasing n > 0. Level zero possesses the highest number of states, namely 
r + 1. For level n < those states located on the fringes of the above graphic are 
deleted either by 6h or by 5^, hence the number of states on level n decreases with 
decreasing n < 0: 

number of states in TZ^ (g IZj^^ with level n = r + l — |n|, |re|<r. 
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Due to the field-state isomorphism \h,k) := lim2_>o ^(h,A:)(-2)|0) equation (j2.2p 
enforces that the action of the operator S = 5^ — has to vanish on all non- 
chiral states belonging to local theories. Figure 1 shows that generally the image 
of a tensor state under the action of 5^ differs from its image under 6y^. As a 
consequence states of the local non-chiral theory span only a subspace of the space 
generated by the diagonal tensor product of the chiral and anti-chiral Jordan cells 
[19]. This local subspace Cj^^^ can be constructed in two ways. Firstly, we will 
revisit the "quotient space construction" which Gaberdiel and Kausch introduced 
for the c = —2 local triplet theory [19] and enlarge the scope of their findings to 
theories whose chiral halves are of arbitrary rank. We would like to point out that 
a generalisation was achieved earlier but under a different viewpoint: Starting off 
at a single boundary condition Gaberdiel and Runkel constructed the compatible 
local space of bulk states j23j . Their course of action holds for rational CFTs, 
logarithmic and non-logarithmic, and was shown to reproduce the known local 
bulk theory at c = —2 if applied to the ci^2 triplet model. Our approach towards 
an enhanced quotient space construction differs from [2^ inasmuch it does not 
use any information about boundaries. 

Secondly, we will introduce the "kernel construction" and compare the results of 
both methods. 



3.1 Quotient space construction 

Locality requires that the image of a local state under the action of 5h has to 
equal the image of the same state under the action of 5J^ (j2.2p . The "quotient 
space construction" presented here approaches the problem by identifying both 
images modulo elements of a subspace M^j^: 

i^hhQSC^{T^h®nj,)/My,j,. (3.1) 

The chiral version of the c = —2 triplet theory possesses two indecomposable 
representations of rank two. For these cases, Gaberdiel and Kausch identified 
the subrepresentation spanned by S acting on the tensor product of states with 
Jordan level one and the descendants of this state with respect to 8^ and to be 
a minimal choice for Myj^ |19j : 

My,j, = {{5hf{5j,YS{l®l)}, h = h = 0,l. 

This result can be generalised to local theories whose chiral halves exhibit Jordan 
cells of arbitrary rank r + 1. For that purpose we repeat the procedure used to gain 
the gradation of TZ^ ® TZ^ with a different starting point: S acting on the tensor 
product of those states with highest Jordan level. The structure of the resulting 
subrepresentation 5^;^ is depicted on the right hand side of the chart given below. 
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Figure 2: TZh TZj^ versus Sj^j^ 

On the left hand side the gradation of TZh ® 7?.^ is recapitulated: Every • marks 
an element of the product space. As per construction the formation on the right 
hand side is generated by one state S{r ®r) = (r— 1) ®r — r® (r— 1) on level r — 1. 
This state and every state that emanates from it by application of delta operators 
are pictured as o. Counting the states G Sj^j^ with level n yields 

number of states in Sj^j^ with level n = r + 1 — |n + 1| , \n\ < r — 1. 

Level n = — 1 accomodates the maximum number of states. Level n < —1 states 
that are located on the fringes vanish either under the action of 6^ or of 5j^. 

Comparing the state content of both representations one finds: For |n| < r — 1, the 
difference of two adjacent level n states in TZh^TZj^ is element of 5^^^. Additionally, 
for level n < — 1 the skirting states of both representations are pairwise identical: 



Fi gure 3: Couipcirison ofTZ-fi ® and 



Hence dividing the subspace Sj^j^ out of TZh TZj^ accords with identification of all 
those states € TZh that exhibit identical level: 

i^hf ihy^ r^rr^ {6hT^ {5f^y^ r®f Vi, j\pi + qi = pj + qj. 

The action of 5h on these equivalence classes equals that of 5j^. Thus indeed with 
5;^;^ we constructed a minimal choice for M^h- 

The equivalence classes in {TZh^TZ^) /S^j^ are parameterised and arranged in 
order by their level. A non-chiral level n state shall be defined as a representative 
of the equivalence class with level n. As standard representative we choose the 
symmetric sum over all elements: 

/i,n) := level n states. (3-2) 

To avoid confusion with the Jordan level naming of a chiral state, we will use bold 
numbers to denote states of the non-chiral theory by their level. Since the equiv- 
alence classes with level n < — 1 include representatives € Sj^j^, they are entirely 
removed from ilZh ® TZh) i- e. states E TZf^j^ at level zero are annihilated by 

both delta operators. 



3.2 Kernel construction 



The "kernel construction" defines Cf^f^ C TZh ® TZj^ as the kernel of S. The key 
idea for determining the kernel of S is to use telescoping series. If we sum up all 
states G TZh ® TZj^ with same level and act with S on it, every term except the 
first and the last cancels with either the preceding or suceeding term. 



S level n states 



5h {n®r) — dfi^ (r (g) n) for n > 1 

6h (0 (X) (r - n)) - dj^ ((r - n) (g) 0) for n < 0. 



As for level < the surviving terms vanish, we can conclude: 
^hh KC ~ level n states | n < o| . 



3.3 Discussion and summary 



In the preceding sections we presented two methods how to construct local in- 
decomposable representations - the quotient space construction (QSC) and the 
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kernel construction (KC). According to both methods C/^j^ possesses the same 
rank as the chiral halves it is composed of: 



icank{Cj^j^) = rank{Tlh) = rank(7^^). 

The state content of a local representation depends on the method used to con- 
struct it: 



^hh QSC = ['^^evel n states | n > o| 
^hhKC ~ I level n states | n < o| 



Above, specifications were made such that for QSC the term non-chiral Jordan 
level is in perfect accordance to the chiral Jordan level. For KC it is of avail to 
slightly adapt the definition of the non-chiral Jordan level: Redefining level n to 
be level n + r 

n' = n + r 

we achieve the familiar situation of non-negative integer values for the non-chiral 
Jordan level. Furthermore the redefinition guarantees that level zero states are 
annihilated by 5h and 5j^: 

6fi \ h, h, n')^^ = 5;^ h, n')^^ = for n' = 0. 

Computable predictions in QSC may depend on the choice of the considered rep- 
resentative. The vanishing Shapovalov form of |0) for example can be shown by 
means of the representatives iS> f and r (8) 0. However, rank r + 1 theories with 
r -|- 1 > 1 and r an even integer possess a level zero representative § (8) § ■ According 
to equation (j4.2p the corresponding Shapovalov form is 



' r 1 I \r ^ 



=(ii) (H)^0. (3.3) 



In a rank r + 1 theory with r + 1 > 2 and r an odd integer the same problem 
occurs but on level n = 1: Such a theory possesses a level one representative 
^-Y' with non-vanishing Shapovalov form. The crucial point is that though 
representatives of QSC equivalence classes are as per construction equivalent with 
respect to the action of Lq and Lq in other respects their equivalence is not 
guaranteed. In every case is true: Representatives of QSC equivalence classes may 
be chosen such that observables in both formulations - QSC and KC - are identical. 
That is, even though Cf^j^ggfj ^ ^hhKC both representations are isomorphic and 
\h, h, ri^Qg^ is equivalent to \h, h, n')^^. Hence, at this point it is both impossible 
and unnecessary to finally rule on the question wether one method has to be 
prefered. 

However, the known symplectic fermion realisation of the LCFT at c = —2 may 
be interpreted as a hint on the KC to be the more natural method. A symplectic 
fermion a la Zamolodchikov is a two-component fermionic field 9 of spin zero |29j . 
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The stress energy tensor of its free theory is given by T{z) = 2^°'^ '■ 99a dOp : {z). 
The mode expansion of the component fields reads: 

0a = J^^a,n^~" + ^a,0log(2)+^a. (3.4) 

The ^'s are Grassmann numbers and act as creation operators for the chiral log- 
arithmic partner of the identity: 

\h = 0,k = l) = -^e-^ e„ ^p\h = 0,k = 0) =: r 10). (3.5) 

Of course an analogue identity holds for the anti-chiral half. Therewith we can 
give explicit expressions for the sum of all states E TZq ^ TZq with equal level n: 

n = 1 . e e/3 |o) e ((3 |o)= r r C/? |o) ® o) 




n = o . . ee/3|o)0|o) + |o)^ee^|o)=(re/3 + e"C/3) |o)^|o) 

n = -l • |0)(»|0) 

It is possible to choose a basis such that = i.e. the state |n = 1) van- 
ishes due to the nilpotency of ^. This coincides with the prediction of the kernel 
construction. 

4 Correlation functions 

The prominent role that correlation functions play in CFTs results from two 
facts: On the one hand, they are related to observables and therefore represent a 
connection between theory and accessible experimental data. On the other hand, 
they are considered fundamental from a pure theoretical point of view: As shown in 
|3U| . a CFT is completely constituted if all correlation functions are known. Given 
the two- and three-point functions of the fundamental fields, all other amplitudes 
can actually be derived from these. Furthermore, the consistency conditions of all 
amplitudes can be traced back to those obeyed by the four-point functions. 

The calculation of correlation functions in LCFTs holds two major difficulties 
that do not arise in case of non-logarithmic CFTs. Both have their origin in the 
non-diagonal action of the generators of the chiral symmetry algebra. The off- 
diagonal contribution enters the global conformal Ward identities in the shape of 
an inhomogeneity and results in the aforementioned challenges: 

Firstly the identification of the generic structure of chiral correlation functions 
compatible to global conformal invariance is remarkably hindered. A hierarchi- 
cal solution scheme for the inhomogeneous Ward identities allows to explore the 
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texture of the subset of correlators which contain chiral fields residing in inde- 
composable representations whose irreducible subrepresentation corresponds to a 
proper primary field. For these cases, it is possible to fix the generic structure 
of n-point functions up to structure functions of n — 3 SL{2, C) invariant cross- 
ratios, however only within sets of other correlators. Possible extensions of the 
hierarchical solution scheme to pre-logarithmic fields and non-quasi-primaries are 
discussed in [3] and [9]. 

Secondly, correlation functions of an LCFT do not generally factorise into chiral 
and anti-chiral parts. This is also an immediate consequence of the inhomoge- 
neous Ward identities which is mirrored by the fact that only those correlators 
are factorisable that solve Ward identities with vanishing inhomogeneity. Gurarie 
pointed out that even amplitudes not explicitly involving logarithmic fields do 
not necessesarily fall in this category [T]. Two attemps have been made to adapt 
the knowledge about chiral correlation functions for non-chiral ones. One of us 
provided a rule of thumb, how to generalise known chiral sets of correlation func- 
tions to local sets by replacing all emerging variables Zi — zj =: Zij by {zijl^ |31j . 
This approach preserves the full generality of the chiral sets but obscures the 
interrelationship between chiral, anti-chiral and non-chiral amplitudes. Gaberdiel 
and Kausch suceeded in constructing a consistent set of amplitudes for the local 
theory at c = —2 [19]. As their course of action rests crucially upon model specific 
information like the operator product expansion (OPE) of the fundamental fields, 
it cannot be transfered to the generic case. 

Our proceeding will be as follows: We first recapitulate the nessessary assumptions 
under which generic chiral n-point functions can be calculated and briefly describe 
the hierachical solution scheme for these cases. Subsequently, we summarise the 
generic structure of the n-point functions found this way. In section we will give 
a short proof for the statement that a non-chiral correlation function factorises 
if and only if the inhomogeneity of the Ward Identities vanishes for the chiral 
correlators it is composed of. Finally we present an ansatz built solely out of 
quantities enclosed in the chiral and anti-chiral sets of n-point correlators that 
allows the construction of local n-point amplitudes. 

Correlators of fields residing in the chiral (anti-chiral) half of an LCFT will be 
named chiral, anti-chiral respectively. Even though "chiral" intrinsically describes 
propagation properties of fields, we prefer this term to the adjunct holomorphic 
which is often chosen to indicate that a function only depends on the formal 
variable z but not on z. 

4.1 Chiral correlation functions 

Correlation functions in LCFTs are invariant under the global conformal group. 
This stipulates the generic texture of n-point correlators up to structure functions 
of n — 3 SL{2, C) invariant crossratios that are a priori undetermined. Evaluating 
equation p.ip for q = —1,0,1 exhibits the inhomogeneous global conformal Ward 
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identities (GCWIs): 



O, (...) = - 5^ zl{q + 1)5,, (...), for q G {-1, 0, 1} . (4.1) 

i=l 

From equation (j4.ip follows immediately that correlation functions containing 
logarithmic fields cannot be determined independently: Due to the action of 
, the generic structure of an n-point function including fields ^'(/j. fc,)(2;i) can 
only be specified within a framework of other n-point functions containing fields 
^ {hi,ki-i){^i)- Foi^ 3' given set of n conformal weights hi with r{hi)=r exists a 
hierarchy of r" n-point functions with s = 0, . . . , n logarithmic fields displaying 
varying Jordan levels ki = l,...,r — 1. The number of different correlation func- 
tions of a set is actually reduced, because a correlator is non-zero only, if the sum 
over the Jordan levels of the logarithmic fields it contains equals at minimum r — 1 

n 

{ki...kn) ^0 ^ K :=J2k^>r -1. (4.2) 

i=l 

To improve lucidity we shortened the naming of the correlators in equation (|4.2p : 

{ki . . . kn) := (^'(ft,,fci)(^l) • • • ^(fe„,fc„)(2n)> • 

The identity (14. 2p serves as starting point for a recursive construction of solutions 
of the GCWIs (|4.ip . For total Jordan level K = r — 1, the GCWIs are homogeneous 
and can be solved as known from ordinary CFT. Successive increase of the total 
Jordan level yields differential equations for {ki . . .kn) with the inhomogeneity 
X^i {ki . . . kn) determined in foregoing steps of the recursion. 

One finds that n-point correlators which contain fields of rank r Jordan cells 
possess the generic form: 

{ki... kn) = Yliz^ - Zj)^''^ ^W(^'^) ■ Pcilmn), Imn ■= In {Zmn) (4.3) 

i<j G=0 

where Pg denotes a sum over monomials of degree G: 

j j 

Y1 C„jj(Z„,,„j5a, ^. ^^^^^^ Y^g^^^g^^y (4 4) 

a\g{a)=G i=l ot i=l 

The constraint of global conformal invariance ()4.ip connects a coefficient Cq, mul- 
tiplying a monomial pa in a correlator A to the coefficient which multiplies a 
monomial pp in a correlator '^i^h^A, with pp being the image of pa under the 
action of Oq. Four-point or higher correlation functions that exhibit logarithmic 
fields at every vertex may feature polynomials Kq C Pg, whose multiplicities are 
special in the following sense: They are not cross-linked to any coefficients in other 
n-point functions of the set. Linkage to correlators with lower total Jordan level is 
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canceled if Kg resides in the kernel of the operator O := (Oqi Oi) ISJ- No linkage 
to higher correlators of the set has to be required seperatly. It follows that kernel 
terms Kq may only arise in the highest correlator of a set, i. e. in the correlator 
where all inserted fields are of maximum Jordan level kn = r — 1. 

The occurring monomials Pa are subject to selection rules [31]: Logarithms in 
the correlators stem from contractions of logarithmic fields. Hence, only such 
logarithms may arise whose indices refer to positions of fields with Jordan level 
k > 1 within a correlator. Two more restrictions rule the logarithmic terms: 

[SI] The total logarithmic degree G in (j4.3|) is bounded above as follows: 

G<K-r + l=: r°^. 



[S2] Each index rui may arise at most r — 1 times within one monomial. 

Let F^^^[xa) denominate a family of functions, which solely depend on n — 3 
anharmonic ratios Xa- The subscript {q} denotes a set of n indices Qi which take 
integer values between zero and fcj: 

For fixed superscript index G, only those combinations {q} emerge that fulfil 

Y,q^ + G = K. 

i 

Due to the cluster decomposition property all structure functions that satisfy 
^ = r— 1 have to be identified [S] and will be refered to as F^"^""^ . For n < 3 
does not depend on the values qi but only on qi j3j. 

The structure functions F|q}(x) may be decomposed in conformal blocks jF|^|(x) 
which represent the internal propagators: 

i 

During the main part of the paper this decomposition will not play any role for 
the presented argumentation. To keep things simple we will abstain from making 
it explicitly where it is not necessary. 

The exponents ^ij in equation ()4.3p solve 



So far we have stated properties of chiral correlation functions only. It is clear 
that analogues propositions hold for anti-chiral correlators. 
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4.2 Assembling local amplitudes from the chiral sets 

We can now bring the original query into sharper focus. Non-chiral amphtudes 
shall be obtained by multiplying suitable chiral and anti-chiral amplitudes. There- 
fore we have to revisit the constraints of locality (|2.2p . As in the frame of this 
paper only the case hi = hi is considered, the first condition does not cause con- 
cern. The second condition shall, for our purpose, be restated as constraint on 
correlation functions. Using equation (14. ip . one finds: 

n 

-Y,Si{^l...^n) = ipo-Oo) = 0. 

In non-logarithmic conformal field theories, the non-chiral amplitudes A can be 
achieved by multiplying the chiral and anti-chiral amplitudes A and A: 

A = AA. (4.5) 

In LCFTs, factorisation is contradictory to locality constraints except for corre- 
lators satisfying homogeneous Ward identities: 

(Oo - Oo)A = {OoA)A - A{OoA) (4.6) 
= -{^6h^A^A + A{^6j,^A^ = Q ^ Y^6hA = Y,6j,A^Q 

where the first identity follows from the fact, that the operators Oq and Oq act as 
derivatives with respect to z {z respectively) on the function space, i. e. Oq acting 
on the chiral amplitude does not yield a contribution and vice versa. The second 
identity arises out of the chiral amplitudes satisfying the GCWIs. The last step 
is based on the fact, that the maximum logarithmic degree of ^hi^ is reduced by 
one compared to the maximum logarithmic degree of A. 

The given argumentation is not affected if the conformal block decomposition of 
the amplitudes is taken into account, i.e. if equation (j4.5p is substituted by 

A = ^ ^ XqpAqAp, 
gp 

where Aq denotes the contribution of a conformal block q to A. As the conformal 
blocks do only depend on the crossratios, adjustment of their linear combination 
can not cancel the mismatch of logarithmic powers in equation (j4.6p . 

Subsequently, we present an ansatz that admits the construction of generic local 
n-point functions out of the known chiral correlators: 

(ki . . . kn) = (fci . . . kn) {ki...K) Iselection rules + '^^L, (4.7) 

where GOL stands for guarantor of locality and lives up to its name by provid- 
ing the desired behavior of (ki . . .kn) under the action of Oq — Oq. This fixes 
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(Co - Oo) GOL as follows: 

n r 

(Oo - Oo)GOL = {^h, {h... kn)) {h... K) -{h... K) (5^^ {kl...kn)) 

(4.8) 



i=l 

The contribution of 



(fci . . . kn){ki . . . kn)=Y\_ 



i<j 



0=0 



9=0 



in equation ()4.7p is constricted to terms satifying selection rules. The selection 
rules for the arising logarithmic terms in chiral correlators have been resumed 
in section 14.11 Generalising them to the non-chiral case is straightforward: The 
highest logarithmic degree to appear in a correlator was shown to depend on its 
total Jordan level and the rank of the theory, [SI]. As demonstrated in section [3] 
the rank of the non-chiral theory equals the rank of the chiral halves it is composed 
of. Furthermore, as per construction the total Jordan level of the left hand side 
of equation (j4.7p equals the total Jordan level of the chiral correlators (ki . . .kn) 
and (ki . . . kn), i. e. 



max jmax 

non—chiral ''chiral 



jmax 

''anti—chiral • 



The highest multiplicity for one index to appear within a monomial was stated to 
solely depend on the rank of the theory, [S2]. Thus, according to the aforemen- 
tioned reasoning, it can be adopted from the chiral case as its stands. 

Therewith the left hand side of the ansatz (j4.7p can in principle be calculated. For 
that purpose, we have to expand the product of the chiral correlators, implement 
[SI] and [S2] and add an expansion of GOL. The latter is given as follows: 



t u 



t u 



i<j G=0 a,l3 s=lr=l s=l r=l 

(4.9) 

It is clear that the coefficients Cap depend on the chiral and anti-chiral struc- 
ture functions, i.e. Cap = (Fj^j., Fj^j.) . For further convenience, we will subse- 
quently use the naming convention introduced in equation ()4.4p : 



Pol '■— _!__[_ (^m,sns)^° 



s=l 



s=l 



g{a) =: g^. 



Herewith the expansion of GOL (j4.9p reduces to the form: 



GOL 



n 

i<j 



G=0 a,P 



(4.10) 



Of course, the logarithmic terms of GOL are subordinated to [SI] and [S2], too. 
Further restrictions on the structure of GOL arise from its claimed behavior under 
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the action of (Oq — Oq): Equation (j4.8p changes sign under complex conjugation. 
It fohows that 

GOL = GOL Cai3 = c^, in particular Caa £ (^-H) 

In addition the coefficients Cai3 are coupled to linear combinations of the structure 
functions and F^-y{x) by two sets of constraints. The first set arises out of 

the condition ()4.8p . The second emanates from the logarithmic identities governing 
the assembly of local monomials: Monodromy invariance of equation (|4.7|) enforces 
arguments of emerging logarithms to be real, i. e. logarithmic terms have to be of 
the shape 

t 

s=l 
t 

s=l 

Hence, coefficients of terms ns=i {j-msUsY {j"mansY" * with < i < 5^ are fixed 
up to an overall factor. These coefficients are proportional to F^^^{x)F'^-^^{x) if a 

monomial stems from {ki . . .kn) (ki . . .k^) or else given by Cap, which establishes 
the aforementioned coupling. Recalculating one finds, that every solution of the 
resulting set of constraints solves equation ()4.8p . 

Without loss of generality the free choice of an overall factor of equation ()4.12h can 

be absorbed in the factors of contributions ns=i {^msUs)^" (^msn^) • This lightens 
our ansatz (14. 7p to 

i<j G=0 a ^ ' 

Within this generic approach the monodromy properties of the local correlators 
cannot be completely explored. The structure functions F^qiy{x) and in 
equation (I4.13P are linear combinations of conformal blocks: 

^{.-'}(^) = E%}(^)' ^m(^) = E-^.}(^)' %}^w = E'^^^%}-^w- 

Enforcing monodromy invariance of the amplitude (|4.13p determines the coeffi- 
cients Xij, a task that cannot be performed within the generality aimed here. 

It is worth pointing out that the claims asserted so far suffice to guarantee all 
coefficients being real: The constraint ()4.12p in particular demands that the 
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i = term and the i = Qs term arise with the same multiphcity. The coefficient of 
the former can easily be shown to equal ^{q}^{q>}^ct + cqo- Using equation (j4.1ip 
we can conclude: 

^{q}^{q>}^a + CQq = Cq, = Cq, =^ Cq, G M. 



Reimplementing the GCWIs establishes dependencies between coefficients Cq of 
different local correlators of a set. The occurring cross-linkage of coefficients is in 
perfect analogy to the chiral case: Cq emerging in a correlator A is connected to 
C/3 in a correlator ^h^A = P/3 the image of pa under the action 

of Oq as well as under the action of Oq- It follows that the obtained solution for 
a generic chiral set of correlation functions, obeying locality and global conformal 
invar iance is not unique. 

The number of degrees of freedom a local correlator possess equals the number 
of those the corresponding chiral correlator shows. This matches with the predic- 
tions of the substitution method [31]. Anyhow it is astonishing as one could have 
expected that implementing the condition of locality would confine the number 
of free parameters. Investigating duality [28^ [32] of the obtained generic correla- 
tion functions yields that this constraint too does not reduce the number of free 
parameters any further. 



4.3 Discussion and summary 
Non-uniqueness of the solution 

Generic local sets of correlators cannot uniquely be determined by virtue of lo- 
cality, duality and global conformal invariance. The most general form of GOL 
preserves the number of free parameters a set of correlation functions exhibits. 
The minimal choice for GOL fulfilling the constraints (14. 8p and ()4.12p is build up 
of mixed terms only, i. e. it does not exhibit any contributions PaPfj with ^q = 
or gp = 0. As a consequence, Cq-q in equation (14.130 vanishes identically for all 
a. In this case, reimplementing the GCWIs fixes all but one conformal block of 
a set. We are confronted with a situation very similar to non- logarithmic CFT: 
Although in the LCFT case a whole hierarchy of n-point functions emanates from 
a set of n conformal weights hi = hi the structure of each correlator is fixed up 
to one shared structure function F which solely depends on n — 3 crossratios and 
the conformal weights hi but not on kj. 
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Consistency check 



(1000) 


—-^^1000 






(1100) 


=rs,{ 


^-P'llOO — ^12-^^1000 


[■ 


(1110) 


=^53 { 


|-f"lllO + (^^23 — ^ 


12)-foilO + [^12^23 


(1111) 


='PsA 


^-^1111 + (1^23 - 


5'l2)-^0111 + 



1,2 
2 



Our method allows us to connect the results of [9] to the results of [l9] . According 
to [9] the rank two chiral set of four-point functions with hi = 0\/i reads 

(4.14a) 
(4.14b) 

^f2]^iooo} , (4.14c) 
(4.14d) 

[^(^14^23 — ^12^34) + (^12^23 — 1^24^23) — 5^12] -^0011 + 
[1^12^34 + ^^12^23^13 — ^12^23^34] -^1000 } • 

Missing correlators of the set can be obtained by permutation of the inserted 
fields. Let Vs^ denote the sum over all permutations of indices generated by the 
group Sx- As all four fields posses the same conformal weight hi = hj it follows 
from the associativity of the fusionalgebra that 

-^'Jl'?2g3g4(x) = -^<?,t(1)9<t(2)'?<t(3)'7ct(4)(^) V(TG54, (4-15) 

i. e. Vs^ does only affect the indices of logarithmic terms lij. The symmetry (j4.15p 
admits to identify all with equal = p and to abbreviate them by the 

p-th capital letter of the latin alphabet. As \I'/i=o,fc=o denotes the identity field the 
amplitudes (j4.14b -c) are identical to the one- two- and three-point functions of 
the field ^'/j=o,fc=i- Consequentially, in the following expressions, A, B and C are 
constant, D = D{x). We can now arrange the equations (|4.14|) more clearly: 

(1000) =A , (4.16a) 
(1100) =B - 2A{li2) , (4.16b) 

(1110) =C-B(/i2+/i3 + Z23)+ (4.16c) 

A[2 (luhs + ^13^23 + ^12^13) - (^?2 + ^?3 + 4) ] ' 

2 

(1111) =D C *-* +2B [{2k + 1) *-* *-* - K +K*=*] + (4.16d) 

3 



L I I 



* — * — * — * 



The correlation function (I4.16dp exhibits a kernel term Kq whose multiplicity k is 
not fixed by global conformal invariance. Moreover in support of clarity we chose 
a graphical notation to depict the logarithmic terms in this correlator. Reading 
the diagrams is straightforward: Each position denotes a variable indexvalue. The 
symbol filling a position designates the variable which carries the index. We'll use 
* for z and A for \z\ .A line between two symbols of the same kind indicates the 
logarithm of the symbollically represented variable. Each graph stands for the sum 
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over all those identifications of variable indexvalues with numerical indexvalues 
which provide expressions that are not equivalent, e. g. 

A-AA-A = I12I34 + I13I24 + I14I23, kj := H\zijf)- 
Combining local amplitudes according to the method described above yields: 

(1000) =Caa, (4.17a) 
(1100)=Cbb-2Cba(1i2) , (4.17b) 

(1110) =Ccc - CcB (I12 + li3 + I23) + (4.17c) 

CcA [2 (I12I23 + I13I23 + I12I13) - (1?2 + 1?3 + II3) ] . 

(1111) =Cdd - ^Cdc-A-A + 2Cdb [(2A + 1)A-AA-A - AA-A-A+ 

AA= A] + 2Cda [A= AA-A + A-A-A - A-A-A-A] , (4.17d) 

where Cxy = + Cxy with Cxy being a complex number corresponding to 
Cqo in formula (j4.13p . The reimplementation of the GCWIs enforces the iden- 
tification all coefficients Cxy with same second index: Cxy = Cy V X. It is 
worth noticing that in the course of assembling local amplitudes the arbitrary 
multiplicities k and R of the chiral kernel term are set to zero. The kernel term 
AKg = a (2 A-AA-A - A-A-A + A=A) in the correlator (I4.17dl) is exclu- 
sively composed of contributions of GOL. 

We can now resume: The equations ()4.17p constitute a generic set of correlators 
containing fields from a rank two reducible representation with h = h = 0. One 
explicitly known representative of this case is given through the set of n-point 
functions (n„ */i„=o,h„=o,k„=i)' n = 1, . . . 4 of the local LCFT at c = -2 [19]. 
Except for an overall sign of the correlator (|4.17d[l both sets - the generic and the 
concrete - are consistent: For the local triplet theory, the undetermined coefficients 
of the generic set take the values 

Ca = Co = 1, CB = -81n(2), 

Cc = 481n2(2), Cd = -2561n3(2). 

Furthermore the kernel multiplicity A is fixed to — ^ in virtue of the operator 
product expansion. 



5 Conclusions 

Exploiting the conformal symmetry allows first steps towards the construction of 
generic local LCFTs. The generality of our approach is confined by the following 
assumptions: Indecomposable representations are considered only with respect to 
the Virasoro zero mode. Irreducible subrepresentations are assumed to correspond 
to proper primaries, logarithmic partners to quasi-primaries. Furthermore only the 
diagonal case hi = hi is regarded. 
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For future work, generalising our findings by relaxing these assumptions would be 
an interesting task: As mentioned before the scope of section U] can possibly be 
extended to pre- logarithmic fields and non-quasi-primaries [3l [9] . Remarkably, it 
seems that even abdicating the hi = hi condition does not seriously damage the 
proposed method for the construction of generic local correlation functions out of 
generic chiral ones. 

The assumption that irreducible subrepresentations correspond to proper primary 
fields, as made in our work, is more of a technical nature to simplify the deductions. 
Furthermore, it is the only case for which the general form of four-point functions 
has been explicitly computed. However, the algorithm presented in [9] can easily 
be adapted to deal with a more general setting. Essentially, this amounts into 
setting a less simple initial condition. We stress that this is of relevance as the 
irreducible subrepresentation with weight h = 5/8 in the augmented c = 02^3 
model provides a counter-example to our assumption [15] . 

The assumption of quasi-primarity of logarithmic partner fields is the only as- 
sumption we really need and which certainly is violated in many cases. For exam- 
ple, representations of all types but type A in the notation of [15] do violate the 
assumption. It is also violated in general in the Cp^i models for p > 2. Even the 
standard example, the C2,i = —2 model, contains one reducible but indecompos- 
able representation, where this assumption is broken, TZi. However, as argued in 
[3], a fermionic zero mode content can be defined for the c = —2 theory. It can 
then be shown that the part of the field which violates quasi-primarity differs in 
its fermionic zero mode content by one modulo two. As a consequence, this part 
does not affect correlation functions, see [3] for details. As all Cp^i models enjoy 
structurally similar fermionic sum representations of their partition function and 
characters as for the c = —2 model [32] 5 in particular a symplectic structure, it 
seems very plausible that one can define a fermionic zero mode content for all 
Cp^i models. This might indicate that the condition of quasi-primarity could be 
relaxed for these models in the same way as for the c = —2 model. However, we 
do not know whether this might generalize to the augmented minimal models. 

On the other hand, the representation TZi in the c = —2 model actually is a 
representation of a larger symmetry than the Virasoro algebra, namely a W- 
algebra representation of the triplet algebra. In this particular case, it turns out 
that the non-quasi-primary state, let it call us |(/>), has the property that Li\(j)) oc 
Thus, this degeneracy in the space of states can be used to eliminate 
contributions from the non-quasi-primarity of \<j)). Thus, the problem of non- 
quasi-primarity occurs in the c = —2 model on the level of W-descendants of W- 
primaries and their W-log-partners. As correlation functions of descendant fields 
are uniquely determined through the W-symmetry, as soon as the correlation 
functions of the basic fields are known, one may argue that the problem of non- 
quasi-primarity is - on the level of the representation theory of the maximally 
extended symmetry algebra - not that relevant. The same argument should hold 
for the structurally very similar Cp^i models with their triplet algebras [3l]- As the 
augmented minimal models also possess extended symmetry algebras, we may 
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hope that non-quasi-primarity does not play a role for the basic fields in the full 
W-algebra representations. 

Nevertheless, a matter of particular interest would be to investigate the local space 
of states for a theory whose chiral halves violate the assumption of quasi-primarity 
of the logarithmic partner fields. In case of chiral Jordan cells which contain at 
least one logarithmic field 'ifh,k i^h k respectively) with the property 

3 n > : lim L„ ^h,k (z) | 0) / 

the equivalence of QSC and KC is broken. This shall be illustrated by means of 
a rank three non-chiral representation where the chiral Jordan level one fields are 
not quasi-primary. 

r = 3 QSC KC 



2 ® 2 n = 2 




0(g)2 1(g) 1 2(g)0 n = n' = 2 




(g) n' = 



According to both methods non-quasi-primarity of the chiral level k states induces 
non-quasi-primarity of the non-chiral level k state (here n = 1, n' = 1 respec- 
tively). Pursuant to QSC additionally states with lower level are affected (here 
the level n = representative 1^1). By contrast after KC the non-quasi-primarity 
is passed on states with higher level (here the n' = 2 state (8) 2-1-1 1-1-2 (8) 0). 
Two cases of the sketched scenario can be distiguinshed: 

• Rank r > 3: In KC non-quasi-primarity (NQP) of a chiral state with Jordan 
level k (k respectively) encroaches upon all local states with n' < k. In QSC 
the spread of NQP can be supressed by suitable choice of the considered 
representative unless the non-quasi-primary logarithmic partner is the field 
with highest Jordan rank. 

• Rank r = 2: In KC the only possible non-quasi-primary is identical to the 
field with highest Jordan level, i. e. the NQP does not spread. In QSC every 
level zero representatives is affected by NQP. We deal with a situation that 
could be called converse quasi-primarity as the behaviour under Lq and Lq 
equals the behaviour of a proper primary but for every representative 

|n = 0)^ = (1 (g) + 1) + a(l (g) 1 - ® 1), a G C 
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exists a positiv Virasoro mode such that 

(L„)'(L„)^ |n = 0)^y^O, {0,1}, i + j^O. 

Actually, a promising possibility to cope with the spreading of NQP in the 
framework of QSC might be to extend A//j^. For an r = 2 example we refer 
to [23]. 

Exploring the first case might bring light to a problem we have already sketched in 
section [331 It seems desirable to understand how the uncertainty can be mastered 
which enters computable data in the QSC formulation through the arbitrary but 
non-equivalent choice of the regarded representative. 

Furthermore the broken QSC~KC equivalence provides the opportunity to treat 
them as competing models. On the basis of an explicitly known realisation ex- 
hibiting the claimed properties it could become possible to determine wether the 
predicted spread of NQP is reasonable. And finally the comparison of the explicit 
realisation with the predictions of QSC and KC could resolve the question if one 
of the proposed methods can be adapted to the NQP case. 
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